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Abstract

A scoring rule is proper if it elicits an expert’s true beliefs as a probabilistic
forecast, and it is strictly proper if it uniquely elicits an expert’s true beliefs.
The value function associated with a (strictly) proper scoring rule is (strictly)
convex on any convex set of beliefs. This paper gives conditions on compact
sets of possible beliefs © that guarantee that every continuous value function
on O is the value function associated with some strictly proper scoring rule.
Compact subsets of many parametrized sets of distributions on R* satisfy
these conditions.

Keywords: Expert opinions, elicitation, proper scoring rules, value
functions, convex extensions of functions, Bauer simplexes, Choquet’s
Theorem

1. Introduction

An expert believes that p is the distribution of a random variable X. p
belongs to ©, a subset of A = A(M), where M is the range of X, usually
R, k > 1, and A is the convex of possible probability distributions on M.
A scoring rule is a R-valued function (r,z) — h(r,z), depending on the
report r and the realization, z, of the random variable X. Knowing the
scoring rule, the expert submits a response or report, r, belonging to ©. The
expert’s utility to reporting r is EPu(h(r,X)) = [u(h(r,z))dp(z) where
u : R — R is their von Neumann-Morgenstern utility function.
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Interest focuses on scoring rules that motivate the expect to report their
true p, the so-called “proper” scoring rules. Originally introduced by Brier
8] to provide meteorologists with a reward system for accurate forecasts that
they would not want to “game,” proper scoring rules are now known to be
deeply connected to many areas in statistics.!

1.1. (Strictly) Proper Scoring Rules
A scoring rule is ©-proper if for all p € O,

p € argmaXrGGEpu(h<r7 X))7 <1>
and proper if it is A-proper. It is strictly ©O-proper if for all p € ©,
{p} = argmax, g EPu(h(r, X)), (2)

and strictly proper if it is strictly A-proper.?

There is almost no loss in studying (strictly) proper scoring rules for risk
neutral experts. If h(-,-) is a (strictly) proper scoring rule for an expert
who is risk neutral, then u™! o h is (strictly) proper for an expert with von
Neumann-Morgenstern utility function u, although some limitations arise if
u is not invertible. We study only the case of a risk neutral expert, i.e.
u(r) = r. Theoretically, extensions to the case of an invertible nonlinear u
are immediate.?

1.2. Value Functions

Associated with every scoring rule h is the value function

Vi(p) = maxpen EPA(r, X). (3)

!Gneiting and Raftery [14] give the linkages of scoring to information measures, en-
tropy functions, and Bregman divergences, develop new scoring rules, and give extensive
references to the uses that have been made. Dawid [11] ties proper scoring rules to the
geometry of Bayesian decision theory.

2Within the class of strictly proper scoring rules are the effective scoring rules.
Introduced and studied by Friedman [13], an effective scoring rule is one where the experts’
payoff is larger iff the report is metrically closer to their true beliefs.

3See e.g. Allen [1], Kadane and Winkler [18] for the theoretical considerations, and
Bickel [5] for discussions of the performance of different scoring rules in the presence of
non-linearities.
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McCarthy [21] and Savage [24] characterized scoring rules and their value
functions when M, the range of X, is finite.

McCARTHY-SAVAGE FOR FINITE OUTCOMES.

(1) The value function Vj, associated with a (strictly) proper scoring rule h
is (strictly) conver on A,

(2) any (strictly) convex Lipschitz function V on A is the value function for
some (strictly) proper scoring rule h, and

(3) any (strictly) convex function V' on relint (A) is the value function for
some (strictly) relint (A)-proper scoring rule h.

Part (3) allows for unbounded scoring rules such as the logarithmic scoring
rule given in Example 2 (below). A short sketch of the proof is informative.
The (strict) convexity of Vj, comes from the same basic convex analysis ar-
guments that deliver e.g. the convexity of the profit function in neoclassical
economics (e.g. [19, Proposition 5.C.1]). Given a strictly convex V', let DV (r)
denote (any element of) its subgradient at r so that convexity delivers

V(p) = V(r)+ (p—r)DV(r) (4)

with strict inequality when p # r and V is strictly convex. Let d, denote
point mass on x and set h(r,z) = V(r) + (0, —r)DV(r) so that EPh(r, X) =
Vi(r)+ >, p(z)(d, —r)DV(r) = V(r) + (p — r)DV(r) where p(z) denotes
the probability that X = x under the probability p. Now (4) reads V(p) >
EPh(r, X) with equality when p = r so that V(p) = EPh(p, X) and V is
the value function associated with h.

There are two complications to the general study of scoring rules when X
takes on infinitely many values. First, it may be desirable to restrict attention
to subsets D of the set of all probabilities. Second, some scoring rules take
on the value —oo and/or integrate to —oo. To handle these possibilities
in a unified fashion requires a bit of care (see Gneiting and Raftery’s [14]
extension of Hendrickson and Buehler [17]), but the essential result is as in
the finite case — a scoring rule is (strictly) proper if and only if its value
function is (strictly) convex.
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1.3. What This Paper Does

This paper gives conditions on sets © C A that guarantee that every
continuous function, or every smooth function, on © can be extended to
some V}, on A where h is a strictly proper scoring rule. Since V}(+) is convex,
the conditions cannot allow © to contain any non-trivial convex sets: for
extension of smooth functions in the case that X takes on only finitely many
values, Theorem A requires that © be a compact subset of the extreme points
of a compact convex set K where the boundary of K satisfies curvature
conditions; for the extension of continuous functions in the case that X takes
on infinitely many values, Theorem B requires that © be a compact subset
of the extreme points of a Bauer simplex.*

The subsets of A of the most interest to us are of the form {p,: 0 € ©}
where O is a compact subset of R*. Theorem C shows that, generically among
the continuous parametrizations, 6 — py, {py : 0 € O} is the compact set
of the extreme points of a Bauer simplex if k& > /¢, i.e. if the dimension of
the range of X is not smaller than the dimension of the set of parameters.
Theorem D shows that many of the classic sets of paramtrized distributions
satisfy the Bauer condition. Combined with Theorem B, these results means
that, both generically and in a large number of well-known cases, arbitrary
continuous functions of § € R’ are the value functions for strictly proper
scoring rules when 6 parametrizes a probability py.

1.4. Why We Care

If experts with higher precision posteriors are the ones with more knowl-
edge and competence, then their opinions are more valuable to the principal.
Suppose that v(p) is the principal’s value of the report of expert p. Offering
a scoring rule h with V;, = v on © motivates experts to produce a report only
if the value of the report is higher than the expert’s cost of producing the
report. This observation motivated our original interest in controlling the
value functions by choice of scoring rule.

More generally, in many mechanism design models, the agent’s private
information belongs to a parametrized class of distributions and part of the
problem is to motivate the agent to reveal this information. The results here
tell us that, both in general and in many specific examples, there are strictly

4The original reference is Bauer [4], but see also Phelps [22] or Choquet [9, §28].
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proper scoring rules that solve the revelation problem while simultaneously
controlling the payoffs that the agent receives.

1.5. Outline

Section 2 covers the case that X takes values in a finite set, Section 3
covers the same territory when X takes values in an infinite set. Section 4
covers the genericity result and the verifications that several of the classic
parametrizations of probabilities on R* satisfy the Bauer property. Finally,
section 5 sketches several applications of these results.

2. Finite Outcomes

In this section, X takes on n distinct values, the probability distribution
to be elicited is a point p € © CACR", A={pe R} :> p(r)=1}
where p(z) denotes the probability that X = 2 under the probability p.

2.1. Scoring Rule Examples

We begin with examples of proper scoring rules that are not strictly
proper, and then turn to strictly proper examples.

Example 1 (Three proper scoring rules). For these three rules, any r with
the same mean, respectively median, respectively mode as p is an optimal
response.

| Name | h(r,2) | Vi |
Quadratic loss — (Bizir(z;) — )7 | Vioss(p) = — VarP(X)
Absolute deviation | — |m(r) — x| Vaa(p) = —EP |m(p) — X|
Zero-one m1M(r)(x) Vinode(P) = max, p(x)

where m(r) := max{z : r((—oo,z]) < 1}, denotes the median of v, M(r) :=
{2/ : r(2') = max, r(x)}, denotes the mode or set of modal points of r.

In the first case, v +— EPhgss(r,X) is smooth and concave, but not
strictly concave as any r having the same mean as p 1S optimal. In the
second and third cases, EPh is not concave in r. In the second case, any r
having the same median as p is optimal, in the third, any r having the same
or a smaller set of modal points, M(r) C M(p), is optimal. In all three
cases, the associated value functions are convex, but not strictly convex.
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Example 2 (Three strictly proper scoring rules). From Brier [8], Good [15],
and Roby [23], we have the quadratic, logarithmic, and spherical scoring rules
respectively.

| Name | h(r,z) | Associated value |
Quadratic | 2r(xz) — (r,r) | Vyaa(p) = (P, P)
Logarithmic | log(r(x)) Vieg(P) = Xipi log(p;)
Spherical r(z)/||r] Vir(P) = [P

where (x,y) denotes the inner product of vectors x,y € R"™ and ||x|| :=
V(x,x) is the length of the vector x.

In each case, r — EPh(r, X) is smooth and strictly concave on A (or on
relint (A) ), the directional derivative is equal to O for all directions in A iff

r = p, and the associated value functions are strictly convex on A (or on
relint (A) ).

2.2. Proper Scoring Rules and Cheap Talk

For Blackwell ([6], [7]), an experiment gives rise to a random signal, and
each possible signal leads to an updated, posterior belief p € A. Blackwell
then reduces the experiment to the induced distribution over possible p’s.
Given a p, i.e. given a signal, the decision maker solves the problem

U*(p) = maxgex f Ul(a,x)dp(x) (5)

where A is a space of actions and U(, ) is the utility function depending on
the outcome = and the action a. Interpreting © as a special case of A, this
is the same as the problem we have been assuming that the expert solves.
Blackwell ranks experiments by the expectation of the convex value function
U* : A — R under the induced distribution over possible p’s.

Let a*(p) denote the solution in (5). If a*(-) is invertible on A, then
observing a* reveals the decision maker’s p and U* is strictly convex on
A. If a*(p) = a*(q) for p # q, then observing an a € a*(p) does not
reveal p as U*(ap + (1 — a)q) = aU*(p) + (1 — a)U*(q) for all o € [0, 1].
However, just as in the (proof of the) revelation principle, there is a cheap
talk interpretation: expand A to B := A x A in (5); extend U to U by
setting U((a,r),z) = U(a,x); define b*(p) as the associated argmax set; for
all p, b*(p) includes (a*(p), p), and observing this element of b*(p) reveals
p. Since p does not affect utility, we can understand it as “cheap talk.”
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2.3. Value Functions on Subsets of A

We now give conditions on © C A guaranteeing that rich classes of con-
tinuous value functions on © are associated with strictly proper scoring rules.
We use the following notation: Con denotes the set of convex functions on A,
Con® the set of strictly convex functions; the corresponding sets of restric-
tions to © C A are Conjg and Conjg; C(©) denotes the set of continuous
functions on ©; C?(O) the sup norm dense set of functions on © that have
twice continuously differentiable extensions to some open neighborhood of
©; and extr (K') denotes the set of extreme points of a convex set K.

Theorem A. Suppose that K is a compact convexr subset of A, and that ©
is a compact subset of extr (K). Then,

(1) if K is a convex polytope, then C(©) = Conjg,

(2) if K is strictly conver with a C* boundary in its affine hull, and has
bounded and everywhere strictly positive radius of curvature, C*(©) C
Conje, and for each v € C?(©) there emists a strictly ©-proper scoring
rule h such that, the restriction of Vj, to © is equal to v.

Proof. For (1), suppose that © C extr (K) where K is a convex polytope.
Adding extreme points to K if necessary, there is no loss in assuming that the
relative interior of co (©) is non-empty. Any v : © — R can be represented
as finitely many points, ((X1,¥1),-.., (Xn,ys)) where y; = v(x;) and © =
{x1,...,%,}. We wish to show the existence of a strictly convex V' : A — R
with V(x;) = y;. We first show the existence of a convex V4, then modify it
to a strictly convex V.

The existence of a convex Vy: Let xq = %ZZ x;. For yp < y := min;y;,
consider the lines in A x R, B

Li(yo) = {r[(xi, yi) — (x0,%0)] : 7 > 0}, (6

and the cone C(yg) C A xR with vertex (xg, yo) defined by C(yo) = (%0, o)+
{32 AiLi(yo) = A; > 0}. The slice through C(yo) at y is S(yo) := C(yo) N
{(x,5) : x € A}. S(yo) has at most n extreme points, and as 3y | —oo0,
the finitely many extreme points of S (yo) converge to the m-point set ©.
Since each x; is a positive distance from the convex hull of the x;, j # 1,
for sufficiently negative yo, C(yo) is a convex cone with the lines L; as the
extreme rays. Being a convex subset of A X R with non-empty interior, C'(yo)

~—

7
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is the graph of a convex function, Vy(-|y1,...,yn) : A — R. Since the points
(x;,y;) belong to the extreme rays, Vo(x;|y1, ..., yn) = y; for each i.

The existence of a strictly conver V: The domain of Vj can, without loss,
be extended to A’, the affine hull of A. Let A = A" — p for any p € A
be the translation of A’ to be a vector subspace of R". Let Z be a mean
0 Gaussian distribution with support equal to A. For each ¢ > 0, Jensen’s
inequality and the support assumption on Z guarantee that the function
VeX|y1, .. yn) = EVo(X + €Z|y1, . .., yn) is strictly convex.

At each x;, V.(x;|y1,...,Yyn) > y;. However, because the subgradients of

Vo are bounded, as e | 0, V.(-|y1, . . ., yn) converges uniformly to Vo (-|y1, . . ., Yn)-

We now show that, for sufficiently small €, it is possible to change the
Yiy- -y Yn to y/17 ce 7y1/1 so that ‘/e(xz|yia ce 7y:1> = Yi-

It is sufficient to show that for small ¢ > 0, the following mapping is
invertible,

My, - -oyn) = Vel (W, - wn) - Vel (1, ) (7)

For € ~ 0, OM;/dy; ~ 1 and OM;/dy; =~ 0 for i # j, both evaluated at
(Y1, - -,Yn). Therefore, Hessian has a dominant diagonal, so that M is in-
vertible.

For (2), we suppose first that K has non-empty relative interior. Since
K has a C? boundary with bounded and everywhere strictly positive radius
of curvature, K is strictly convex and extr (K) = 0K [25, p. 106-111].

Pick arbitrary v € C*(©). Since © is a compact subset of 9K, v can be
extended to a C? function on (an open neighborhood of) 9K, also denoted
v. We show the existence of a convex V' : A — R such that Vg = v.

Without loss, we first shift and rescale v so that 0 < v(q) < 1 for all
q € 0K. Let x¢ be a point in the relative interior of K. For each q # xg
in the affine hull of A, define 7(¢) € R to be the unique number r such that
X + 7(q — Xo) € 0K, and define p(q) = x¢ + 7(q)(q — %x¢) € K. From
25, op. cit. and Thm. 2.2.9 et. seq. (p. 78)], r(-) and p(-) are C?. For each
€ > 0, define the C? function V.(q) = 7(q)[1 + ev(p(q))] for q # xp, and
Ve(xg) = 0. We will show that for small enough € > 0, V, is convex. For any
such sufficiently small €, the function V' := %[Ve — 1] is the convex function
with Vig = v.

As € | 0, VI(1) clearly converges to OK in the sense of Hausdorff dis-
tance. We show that it converges sufficiently smoothly that the principal
radii of curvature (i.e. the eigenvalues of the reverse Weingarten map [25,
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p. 105]) of V.71(1) converges to those of K. Consider the mapping from
points of the form (p,y) € 0K x (0,1), to M(p,y) = (r,1) such that r is on
the line jointing xo and p and V,(r) = 1. This is a diffeomorphism, so that
p — M(q,ev(p)) is C?. Since the eigenvalue map is smooth away from 0, as
€ | 0, the principal radii of curvature of V.71(1) converge uniformly to those
of 0K, so that V."!(1) has everywhere strictly positive radius of curvature,
and V,(-) is a convex function.

Consider the scoring rule defined by h(r,p) = (r — p)DV(p) — V(r) +
2V (p) where for each p, DV (p) belongs to the subgradient of V. This is
a concave function, and for each p, its supgradient is 0 if r = p. Further,
h(p,p) = V(p), so this scoring rule is associated with V. Finally, since
OK has strict curvature, for any r # p, (r — p)DV(p) < 0, so it is strictly
OK-proper, hence strictly ©-proper.

Finally, if K has empty relative interior, the previous work delivers a
convex function V on A, the affine hull of K. Every point q in A has a
unique expression as a point p € A and a vector r with r — p orthogonal to
A. Extend V to V(q) = V(p) + ||r — p||%. O

We conjecture that being Lipschitz rather than C? is sufficient for Theo-
rem A(2), but non-Lipschitz functions on extr (K) need not extend to convex
function an open neighborhood of K.

Example 3. Let K = {x € R? : ||x]| < 1} so that extr (K) = {x € R? :
IIx|| = 1} is a set with constant curvature. For x = (x1,x2) € extr (K),
xo(x1) = £4/1 — 2. For all such x, we define f(x1,x2) = ++/|22| so0 that
[ is uniformly continuous, but not Lipschitz. Fir any 0 < h < 1, we ask
what value a continuous convex extension, f, of f must take at the point
y = (—1,h) € R2.

For any € small enough that +/1 — (=1 +¢€)? < h,
f(=14+¢€4+/1—(—14+¢€)?) =+/e(2—¢).

From this, we see that the slope of the line joining the two points in the graph
of f, ((=1,0),0) and ((—1 + €, z2(—1 4 €)), ++/€(2 — €)) is larger than any
n_for sufficiently small €. This and the convezity of f in turn tmply that
f(=1,h) > nh for each n. Since h was arbitrary, there is no continuous

extension of f to any open neighborhood of K.
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3. Infinite Outcomes

In this section, X takes on values in a complete separable metric space
(M, d), and the probability to be elicited is a point p € © C A(M) where
A(M) is the set of countably additive probabilities on By, the Borel o-field
on M. For our applications, M = R*, k > 1, and we will often restrict our
attention to convex subsets D(M) of A(M), e.g. taking D(M) to be the set of
probability distributions on M = R having finite first and second moments.?

Closure and continuity in A(M) is taken with respect to the weak* topol-
ogy — p, — pifand only if [ fdp, — [ fdp for every continuous bounded
f M — R. Probabilities on A(M) are probabilities on the associated Borel
o-field, which can also be characterized as the smallest o-field containing the
sets {v € A(M) : v(A) < r} where A C M is measurable and r € [0, 1]. As
needed, we will consider D(M) and A(M) as subset of the topological vector
space ca(M), the set of countably additive, finite, signed measures, £, on By,
with the weak™ topology, that is, the weakest topology making the mappings
& — [ fd¢ continuous, f a continuous bounded on M.

3.1. Scoring Rule Examples

Restricted to the appropriate sets of probability distributions, the scoring
rules given in Examples 1 and 2 have fairly immediate extensions to the
infinite case. We give two of the extensions to indicate what is involved, and
then give two separate extensions of the quadratic loss ideas.

Example 4 (Extensions of finite examples). Let A%(R) denote the set of all
probability distributions on R having finite second moments. The quadratic
loss scoring rule is hyess(r, ) = — (fydr(y) —x)2, and any v € A%*(R)
with E*X = EPX is a solution to max [ hgess(r, ) dp(x), so that hgss is a
A2%(R)-proper, but not strictly proper, scoring rule.

Let A%()\) denote the set of all probabilities q having a square integrable
density, also denoted q, with respect to Lebesque measure \. The spherical
scoring rule, given by hen(r,z) = r(x)/|r|| where ||| is the L* norm of the
density r, is a strictly A*(\)-proper scoring rule.

Example 5 (Integrated quadratic loss rules). Let AY(R) denote the set of
all probability distributions on R having finite first moments. Matheson and

5This allows the use of unbounded scoring rules, e.g. quadratics, without needing to
consider integrals taking the value —oo.

10
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Winkler [20] give the continuous ranked probability score, he,s(r,z) =
— Jo(Fe(y) = Lo y)(2))? dy where Fy(y) := r((—o0,y]) is the cdf associated
with r. This is the integral of Brier’s quadratic scoring rule for all of the
binary events X <y and X > y.%

The logic of the proof of the McCarthy-Savage theorem yields the follow-
ing, which is essentially a summation of well-chosen quadratic loss rules.

Example 6 (Extensions to complete separable metric spaces). It is well-
known (e.g. [10, Ch. 9]) that there exists a countable set {f; : i € N} of
continuous functions on M taking values in [—1,41] with the property that
p,, weak® converges to p iff {fi,p,) — {(fi,p) for all for all i € N (where
(9.9) := [gda). The function

V(p) = 5 2((fi,p)*/2 (8)

is strictly convez, and at any r € A, its derivative is the continuous function

DV(r) =3, fi- (fi,x)/2". 9)

Since V' is strictly convez, for allt # p, V(p) > V(r) + (p — r)DV(r), so
that setting h(r,z) equal to V(r) 4 (6, —r)DV (r) yields

h(r,z) = V(r) + 3, (fix) = (fi.r)){fi, 1) /2" (10)

Therefore, EPh(r, X) = V(r)+(p—r)DV (r), and for allr # p, EPh(p, X) >
EPh(r, X) so that we have a strictly proper scoring rule. If one took the sum
over a finite subset of the f;, one would have a proper but not strictly proper
scoring rule.

3.2. Simplexes

A compact convex S in a vector space is a simplex if every point in §
has a unique representation as a convex combination of the extreme points
of K. If S is a subset of the vector space R", a simplex is the set of convex
combinations of at most n+ 1 affinely independent points. If S is a subset of
the vector space ca(M), we must also take integrals as convex combinations,
and the convex combinations are known as resultants

6Gneiting and Rafferty [14, §4.2] give several useful reformulations of this rule and
relatively easy methods to calculate the associated value function.

11
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Definition 1. For K a compact convezr subset of A(M) and n a probability
distribution on K, the resultant of 7, denoted x,, is the unique element
x € K with such that for every continuous linear L : K — R, L(x) =

[ L(y) dn(y).

More than finite weighted combinations are needed: in A(R), S :={p €
A(R) : p([0,1]) = 1} is a compact and convex set; extr (S) is the compact set
of point masses on [0, 1]; co (extr (S)), the convex hull of extr (5), contains
only the finitely supported probabilities while @6 (extr (S)) = S; and every
p € S has a unique expression as the resultant of a probability distribution
over extr (5).

Another way to understand the resultant is as the “average” probability
distribution when a distribution is drawn according to n. For any measurable
A C M, picking y € A(M) according to n gives rise to the random variable
y(A). By the usual approximation arguments,” for every measurable A C M
and every probability distribution n on a set of probabilities, the resultant
of n satisfies

x,(A) = [y(A)dn(y). (11)

We are interested in simplexes having the property that the set of extreme
points is a closed set. Already in R3, the set of extreme points of a compact
and convex set need not be a closed set.

Example 7. If A C R3 contains the points (0,0,+1), (0,0,—1) and {x €
R :z3 =0, [|[x—(1,0,0)]] = 1,}, and K = co(A) is its closed conver
hull, then extr (K) is the non-closed set A\ {(0,0,0)} because (0,0,0) =
(0,0, +1) 4+ £(0,0, —1).

Definition 2. A compact conver S C X is a stmplex if for every ele-
ment x € S, there is a unique probability ny for which x is the resul-
tant, and nx(A) = 1 for every analytic set A containing extr (S). It is a
Bauer simplex if extr (S) is a closed (hence compact) set, in which case
nx(extr (5)) = 1.

In R™, every simplex S is a Bauer simplex. As noted above, S = {p €
A(R) : p([0,1]) = 1} is a Bauer simplex. In general, if S is a simplex and ©
is a closed subset of extr (5), then €0 (0) is a Bauer simplex.

"Indicators of measurable subsets are nearly indicators of closed subsets which are
nearly continuous functions.
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For a compact convex K, let C,sr(K) denote the set of continuous affine
functions on K and C'(extr (K)) the set of continuous functions on extr (K).
For us, the following is the crucial characterization result for Bauer sim-
plexes.®

BAUER’'S THEOREM. If S is a simplez, then extr (S) is closed if and only
if the restriction mapping, a — Gexir(s), defines an isometric isomorphism

between Curs(S) and C(extr (5)).

For us, extr (S) will be of the form {p, : § € ©} where 0 < p, is a
homeomorphism. Pick any continuous function, p, — v(f), on ©, and any
strictly convex V' on D. Restricted to extr (S), the difference between the
two is a continuous function. Adding the associated affine function to V'
gives a strictly convex value function that is equal to v on {p, : 6 € ©}.

Bauer’s result has very clear geometric intuition in the case that A is 2-
dimensional: for S to be a simplex in this case, it must be the convex hull of
3 (or fewer) affinely independent probabilities, p;, py, and ps; any function
f extr (S) — R is continuous; f determines and is determined by the three
points (py, f(P1)), (P2, f(P2)), and (ps, f(P3)) in A x R; these three points
determine a plane in A x R; and this plane is the graph of an affine function
on A. For the isometric isomorphism part of the result, note that, restricted
to S, the sup norm distance between any two affine functions is maximized
at the extreme points.

3.3. Value Functions on Subsets of A(M)

We shall see that the most useful condition for applications is the first
one.

Theorem B. Suppose that © is a compact subset of a conver D C A(M).

(1) Ifco(©) is a Bauer simplex and © is the set of extreme points of ¢ (),
then every v € C(O) is the restriction to © of a continuous strictly convex
function V' on D.

(2) If © is a compact subset of extr (K), K C D compact and convez, the set
of restrictions of the continuous strictly convex functions on K is dense
in C(©) in the topology of pointwise convergence.

8Bauer [4] contains this and several other characterizations of the class of simplexes
having closed sets of extreme point. Expositions of this and related results can be found
in Choquet [9], Phelps [22, Proposition 11.1], or Goodearl [16, Ch. 7].
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If the conditions of Theorem B(1) are satisfied, then any continuous value
function on © is associated with some D-strictly proper scoring rule. What
is striking about the proof of this part of the result is that any continuous
value function, v, on ©, is a continuous affine function away from the value
function for any strictly proper scoring rule. This means that, starting from
one’s favorite strictly proper scoring rule, h(r,x), and needs only consider
scoring rules of the form h(r,z) + g(x), g continous, to achieve the desired
value function.

In B(2), neither © nor K need be a simplex, but it would be useful to be
able to improve on the topology of pointwise convergence.

Proof. Pick arbitrary v € C'(0) and an arbitrary strictly convex and contin-
uous V : D — R. Define f € C(0©) as f = Vjg — v so that Ve — f = v. Since
V' and v are continuous, f is also continuous. Since @6 (©) is a Bauer sim-
plex, f determines a unique continuous affine function, a, on 6 (0). By the
Hahn-Banach theorem, this has a further extension, a, to D. The function
V' — a is strictly convex on D, and restricted to O, it is equal to v.

Now suppose that K is compact and convex (not necessarily a simplex),
and that © is a compact subset of extr (K). Pick v € C(0), a finite set
Pi,---,P, in O, and € > 0. We must show that there exists a strictly convex
function, V, on K with |V (p;) —v(p;)| < e for i = 1,...,n. Let S denote
the affine hull of the p,. From Theorem A(1), we know that there exists a
strictly convex V° : S — R with |[V°(p,) — v(p;)| = 0 for each i. There is
no loss in assuming that the topology on K is generated by a Hilbert space
norm.” Therefore we can express every q € A uniquely as the sum of p(q),
its orthogonal projection onto S, and p — p(q). Extend V° to a strictly
convex function on A by setting V(q) = V°(p(q))+4d|lp—p(q)|* d > 0. O

4. Verifications of the Bauer Property

The first result in this section shows that generic continuous parametri-
zations result in Bauer simplexes. The second part of this section verifies
that the same is true for several classical parametrized sets of distributions.

9The weak* distance between p and q can be metrized using the fy-norm
(% [ fidp— [ fi alq|2)1/2 where {f; : i € N} is any uniformly bounded set of con-

tinuous functions determining weak™ convergence.
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4.1. Prevalence of the Bauer Property
We begin with

Definition 3. A continuous parametrization, f : © — A(M), © compact,
has the Bauer property if co f(O) is a Bauer simplexr and f(©) is its
compact set of extreme points.

We will show that a prevalent!? set of parametrizations has the Bauer
property when k > ¢ where M = R* and © C R’. As comforting as this
is for the general applicability of the theory, there is no guarantee that any
particular parametrization, f, has the Bauer property.

Suppose that X takes values in R¥, that the principal wants the expert
to report on the joint distribution of k£ random variables. In many cases, one
can easily show that the requirement k > ¢ cannot be avoided.

Let X = C(O;ca(R*)) denote the set of continuous functions from © to
ca(R*) with the uniform topology. This is the weakest topology containing
sets of the form {g : (V0)[g(0) € h(0) + U}, h € C(O;ca(RF)) and U an open
subset of ca(R¥). This makes C(0;ca(R¥)) into a topological vector space.
Relativized to A(RF) C ca(R¥), the weak* topology can be metrized by e.g.
the Prokhorov metric, p, making it a complete separable metric space. The
convex set C' = C(0; A(RF)) C X is the set of continuous parametrizations
of probability distributions on R*. C inherits the uniform topology from X,
and this can be metrized by d(f,g) = maxg p(f(0),g(0)). With this metric,
C'is also a complete separable metric space, which is required for prevalence
to have intuitive properties.

Theorem C. If © is homeomorphic to [0,1]°, X takes values in R*, and
k > ¢, then a prevalent subset of C' has the Bauer property.

Proof. We replace © with its homeomorphic image, [0,1]¢, and divide the
argument into two parts, k = ¢ and k£ > /.

Suppose first that k = £. Let E denote the set of f € C(0; A(RF)) that
do not have the Bauer property. An easy projection argument shows that
E is universally measurable. We show that E is relatively shy at z where
2(0) = b, i.e. z(0) is identically equal to point mass at the origin in R¥. Pick

10Prevalence is an infinite dimensional analogue of full Lebesgue sets, and shyness an
analogue of Lebesgue null sets. Its extension to convex infinite dimensional subsets of
topological vector spaces is due to Anderson and Zame [2].
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an arbitrary ¢ € (0, 1] and open neighborhood of 0, W C C(©; ca(R*)). Since
every Borel probability on the complete separable metric space C(0; A(RF))
is tight, it is sufficient to show the existence of a Borel probability p such
that w(E+h) =0 for all h € X and p((0C + (1 —0)z) N (W +2)) = 1.

For r > 0, we first construct a probability 1, on C(0; A(R*)) with the
property that for all € ©, 1,(0)(B,(0)) = 1 where B,.(0) is the ball with
radius 7 around 0. We will set u = 0n, + (1 — §)z and verify that pu((6C +
(1—=0)2))N(W+2))=1and u(E+h) =0 for all h € X.

1. Defining n,: Let 1 denote the vector of 1’s in R¥. For z € R¥ and s > 0,
define the box [z,x + s1] to be the set {y € R¥ : 2 <y <z + s1}. Let
{Gk : k € N} enumerate a countably infinite, disjoint collection of box
subsets of {y € R* : 0 < ||y|| < 7}, r > 0. For each box Gy, = [z, 75 +sx1],
define g)(0) = x4+ 0 and g (6) = (4+2£1)+ 2%6. This guarantees that
g2(0) and g} (©) are disjoint box subsets of G. Let Y} be an iid collection
of Bernoulli random variables with P(Y; = 0) = P(Y, = 1) = 5. Define
a random point masses py(6) as being point mass on g,*(#), and define
n, as the distribution of the random element of C(©; A(RF)) defined by

Dok g%pk(g)-
We define p = én, + (1 — 0)z.

2. Verifying that p((6C+(1—6)2)N(W+2)) =1: Asr | 0,d(n,, z) | 0. Since
(W+2z)NC is open, for sufficiently small 7, u((6C+(1—-0)z)N(W+2)) = 1.

3. Verifying u(E + h) = 0 for all h € X: Let v] # v} be two probabilities
on O. For any sequence y := (y1, 2,3, - ..) be a sequence of realizations
of the iid sequence (Y7,Y5,Ys,...) and let f,(0) = >, 2%59% (9) denote the
corresponding element of C. We will show that for a prolgability one set
of y’s, the resultants of v/ and v, under f,(6) + h(f) are different.

Re-scaling the two strictly positive measures (/) — v4)" and (1] — v4)~
into probabilities, we have two probabilities ; and 1. For any g € C,
the resultants of v] and v/, are different iff the resultants of vy and vy are
different. Further, there exists a measurable A C © such that v4(A) =1
and v,(A) = 0.

Depending on whether y, = 0 or y, = 1, for each 8 € O, f,(0) puts
mass 1/2% on one of the two disjoint box subsets of Gy, g2(0) or gi(©).
This means that the probability that the resultants of v; and v, under
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fy(0) + h(8) agree on the box Gy is (at most) 3 because v; and vy are
supported on disjoint sets. Since the Y}, are iid Bernoulli’s, the probability
that the resultants agree on K boxes is 1/2%. Thus, the probability that
the resultants agree is less than or equal to 1/2K for arbitrary K.

Suppose now that k > ¢. In the previous proof, redefine ¢{(6) as zy +
£(6,0) and g,(0) as () + 2%) + 3(0,0) where (6,0) € R¥ is vector having
0 in its first ¢ components and 0 in the last (k — ¢) components. The rest of

the argument proceeds without change. O

The technique of proof for Theorem C used a distribution over smooth
mappings from © to A(R¥). This means that the genericity result also holds
within the class of smooth parametrizations.

There are some reasons to believe that the condition & > ¢ cannot be
avoided. One can show that if there is a compact K C RF such that
f(O)(K)=1foralld € © and f(O) determines continuous linear functions on
A(K), then K must be homeomorphic to ©. This means that the condition
that & > ¢ must be tight in some cases. Combined with the following exam-
ple, this leads us to conjecture that the set of continuous parametrizations
having the Bauer property is prevalent if and only if £ > £.

Example 8. Suppose that © is a compact subset of R?* with non-empty in-
terior and consider the set of uniform distributions {Ula,b] : (a,b) € O}).
Since the interior of © is non-empty, there exists a < b < ¢ < d such that
(a,c), (a,d), (b, c),(b,d) € ©. For appropriate choice of o € (0,1), the re-
sultants of $Ula,d| + 3U[b, ] and aUla,c] + (1 — a)U[b,d] are equal and
(a,b) — Ula, b] does not have the Bauer property.

4.2. Specific Verifications

We now verify that many well-known classes of parametrized distributions
have the Bauer property. The following elementary Lemma will be useful.

Lemma 1. If K C A(M) is compact and the mapping from n € A(K) to
the resultant x, € €o (K) is 1-to-1, then o (K) is a Bauer simpler and K
its compact set of extreme points.

Proof. The set of resultants, {x, : n € A(K)} is exactly ¢o (K). We need to
show that K = extr (co (K)). From this and the compactness of K, the 1-
to-1 property is the definition of 6 (K') being a Bauer simplex. Pick x € K.
Since the resultant mapping is 1-to-1 and the resultant of J, is x, the unique
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n € A(K) having resultant x is dx. By [22, Lemma 1.4, p. 6], this means
that x is an extreme point of ¢o (K). O
A simple example!! contains the intuition for how the 1-to-1 condition for
the resultant mapping works. Suppose that © = {1,2,3}, and that p,, p,,
and p4 are distinct, as would be required by 6 < p, being a homeomorphism.
Problems would arise if p, = ap; + (1 — a)p;. However, this could only
happen if p, were the resultant of both ¢, and of adp, + (1 — a)dp,.

We will use the following two pieces of notation: associated with a R-
valued random variable X is a location-scale class of distributions, {p,,
r € R, o € R, }, where p,, is the distribution of 7+0X’; and given p € A(R)
and k > 1, 1*(p) € A(R") is the joint distribution of the random vector
(X1, ..., Xk) where the X; € R are i.i.d. with distribution p.

Theorem D. The following classes {py : 0 € ©} have the Bauer property:

(1) {p,, : ¢ € S}, S a compact subset of Ry where X is non-degenerate
and has finite moments of all orders, or where X s a standard Cauchy
distribution;

(2) {p,» : 7 € R}, R a compact subset of R where X is non-degenerate
and has finite moments of all orders, or where X is a standard Cauchy
distribution;

(3) {I?(p,,) : (1,0) € O}, © a compact subset of R x Ry where p,,, is
the Gaussian distribution on R with mean u and variance o?;

(4) {g, : ¢ € ©} where © is a compact subset of (0,1) where g, is the

geometric distribution with parameter q, i.e. g,({k}) = (1 — q)*q for
k=0,1,...; and

(5) {Px: A € O} for © a compact subset of (0,00) where Py is the Poisson
distribution with parameter \, i.e. P\({k}) = 6_/\)1;_]; fork=0,1,....

Several comments are in order.

i. By appropriate choice of the distribution of X, Theorem D(1) covers
compact classes of uniform distributions that have one end fixed, e.g.

1 Quggested by a referee.
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{U[0,0] : 6 € S}. It also covers compact classes of exponential distri-
butions, as well as compact classes of Erlang, x?, Gamma and Weibull
distributions with fixed shape parameters.

ii. The presence of the Cauchy distribution in Theorem D(1) and (2) indi-
cates that it is not the moment conditions that are crucial for the Bauer

property.

iii. If K is a compact subset of {1%(p) : p € A(R)}, then every q € K is
an extreme point of @ (K). This is the first part of proving the Bauer

property.

iv. If ¢ : M < M is a homeomorphism, then {p, : § € ©} has the Bauer
property if and only if {pyp ' : 0 € O} does.

Proof. In each of the cases, § < p, is a homeomorphism, and the arguments
for the the 1-to-1 property of Lemma 1 have the same outline. First, suppose
that 7 is a distribution on {p, : § € O} C A(M) and x,, € A(M) is its
resultant. We have

Xy(E) = Jo Py(E) = JolJas 1e(m) dpy(m)] dn(6), (12)
which means that for any measurable f : M — R,
Jag F(m) dxy(m) = fol [y f(m) dpg(m)] dn(6). (13)

Denote the middle integral, fM m) dpg(m)], by M¢(0). Let n1 # 12 be two
distributions on ©, equivalently, on @’s homeomorphic image, {p, : 0 € O}.
If they have the same resultant, x,, = x,,, then for all f,

Jo My(0) dni(0) = [ M(0) dnz(6). (14)

The arguments will depend on showing that the set of My is sufficiently rich
that (14) can be satisfied for all f iff 7, = 7. We do this in more detail for
(1) than for the subsequent claims.

(1) We discuss the finite moments case before the Cauchy case.

(a) Suppose that X has moments of all orders and that 1,7 € A(S)
are two probabilities having the the same resultant, x. We will show
that 1, = n,. Consider the moments of x, i.e. [ f(m)dx(m) where

19

Page 19 of 25



(4)

f(m) = mk, k = 0,1,2,.... These are finite because X has finite
moments of all orders and S is compact, hence bounded. Since x =
XT)l = X7727

Js [f m* dpy,(m)] d(m —12) () =0 (15)

for k =0,1,2,.... For k = 0, this yields [ 1d(n — n)(0) = 0. For
k > 1, this yields

EX* - [go™ d(m —m)(0) =0 (16)

where E X?* > 0 for k =0, 1,... because X is non-degenerate. The
span of the functions o +— 0¥ contains all polynomials in ¢2. Since
S C Ry, this is an algebra in C(S) containing the constants and
separating points. By the Stone-Weierstrass theorem, it is dense in
C(S). By continuity, this implies that for all f € C(S), [, f(o) d(m—
n2)(0) =0, i.e. n = no.

(b) Suppose now that X is a standard Cauchy distribution. As above, it
is sufficient to prove the result with » = 0. The characteristic func-
tion of py ,, is e~l!l. The span of the functions o — e~1?!l contains an
algebra containing the constants and separating points in S C R,.
As above, this implies that if two probabilities on {p,, : o € S}
have the same resultant, then they are equal.

An inductive variant of previous argument in the finite moments case
shows that [, r* d(n1—n2)(r) = 0, k = 0,1, ..., which means that 7, = 1,
because R is compact. In the Cauchy case, as a function of r, the span of
the characteristic functions contains an algebra containing the constants
and separating points in R C R.

This follows from analytic continuation arguments for characteristic func-
tions given in [3, Corollary 4].

The probability generating function'? for a geometric distribution g, is

Gy(s) = ﬁ. For © a compact subset of (0, 1), the closure of the span

12A probability distribution on the integers can be regarded as a point in £;. For all
s € [0,1], the point y(s) := (s%, s', 52,5%,...) belongs to f,. The probability generating
function for p is the function Gp(s) = (p,y(s)) = >, p({k})s*. The mapping p < Gyp is
continuous, linear, and invertible.
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of the functions ¢ — G,(s) in C(O) contains its own k’th derivatives
with respect to ¢ for all k. Evaluating these at s = 1, we find that the
closed span contains 1/(1 — ¢)? for k = 0,1,.... Therefore the closed
span contains an algebra containing the constants and separating points

in C(0©).

(5) The probability generating function for a Poisson distribution P is
Gi(s) = XY For © a compact subset of (0,00), the closure of the
span of the functions A\ — G,(s) in C(O) contains its own k’th deriva-
tives with respect A for all k. Evaluating these at s = 0, we find that the
closed span contains A* for k = 0,1, ..., hence is dense in C(0). m

5. Sketches of Applications

We believe that the results here are likely to be useful in a variety of
mechanism design problems. However, the agent/expert is often interested in
the action that the principal takes. As Kadane and Winkler [18] emphasize,
for proper scoring rules to work, the expert should have no stake in the
principal’s action. Our first Proposition shows that the ability to control the
value function sometimes allows us to circumvent this problem.

Our second Proposition is a corollary of our location-scale result, Theorem
D(1). We show that it is possible to strictly elicit both the location and the
scale of a location scale class while implementing any continuous function of
the scale as the value to the expert.

5.1. Circumventing the No-Stakes Condition
Suppose that the principal wishes to learn the expert’s beliefs, p € O,
© C D, because they will solve a problem of the form

maxqea [ g(a, ) dp(x), (17)

where A is compact, ¢ is bounded, and jointly continuous in a and z. Let
a*(p) denote the solution to the problem in (17). We suppose that the
expert’s utility is of the form w(h,a) where h is the value of the scoring rule
and a is the principal’s choice of action. Given p — a*(p), the expert solves
the following variant of (1),

maxyeo EPu(h(r, X), a*(r)), (18)
and if {p} = argmax, .o EPu(h(r, X),a*(r)), we say that the scoring rule is
strictly ©-proper with stakes.
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Definition 4. The expert satisfies the no stakes condition if for all val-
ues h of the scoring rule and for all a,a’ € A, the expert’s utility satisfies
u(h,a) = u(h,a’). The expert’s utility is continuous and quasi-linear if
it is of the form u(h,a) = h +w(a) for some continuous w : A — R.

The only quasi-linear preferences satisfying the no stakes condition have
w(a) = w(a’) for all a,a’ € A. Our interest focuses on continuous and quasi-
linear violations of the no stakes condition.

Proposition 1. If the expert’s utility is continuous and quasi-linear, p —
a*(+) is singleton-valued on O, and © satisfies the Bauer simplex condition,
then for any continuous v : © — R, there exists a scoring rule that is strictly
O-proper with stakes for which the value function is v.

Proof. By the usual properties of uhc correspondences (e.g. [10, §6.1]), if
a*(+) is singleton valued, then p — w(a*(p)) is continuous. By Theorem
B(1), there exists a strictly convex V' : D — R for which the value function
is v(p) — w(a’ (p)). 0

Note that this design problem requires that the principal know the ex-
pert’s tradeoffs between h and a, and that the utility difference between h
and A’ should not depend on a.

5.2. Eliciting Both Location and Scale

Suppose that the random variable X to be forecast belongs to a non-
degenerate location-scale class having moments of all orders. A quadratic
loss scoring rule elicits the location, and one can interpret the associated
value, a multiple of 02, as a ‘penalty.’” The next result shows that one can
cancel the penalty.

Proposition 2. Suppose that X is a non-degenerate, mean 0 random variable
having finite moments of all orders, and for all (u,0) € R xS C R x Ry,
let p,, denote the distribution of p+ oX. If R xS is compact, then for
all continuous v : S — R, there exists a strictly ©-proper scoring rule for
© ={p,, : (1, 0) € R x S} with for which the value function is v.

Proof. Let D denote the set of distributions on R having finite moments of
all orders. For each r € O, let m(r) denote the mean of any random variable
having distribution r, and let o(r) denote the scale. Let hy(r,z) = —(m(r) —
x)?. By Theorems B(1) and D(1), there exists a scoring rule hy(r, z) for which
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reporting r is strictly ©-proper and for which the associated value function
is v(o) + o?. Consider the value function h(r,z) = hy(r,z) + ha(r, x). O

In Fang, Stinchcombe, and Whinston [12], we show how to use this result

to recruit sets of experts whose forecasts should optimally be weighted by
their truthfully reported scale/precision, and we explicitly give scoring rules
in terms of the value function to be implemented.
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