CAUSAL EFFICACY AND THE CURSE OF
DIMENSIONALITY*

MAXWELL B. STINCHCOMBE

ABSTRACT. There is a unified, dimension-independent, geometric represen-
tation of a class of non-parametric regression estimators that includes series
expansions (Fourier, wavelet, Tchebyshev and others), kernels and other locally
weighted regressions, splines, wavelets, and artificial neural networks. For these
estimators, the rate at which the distance between the estimator and the tar-
get goes to 0 is given by the estimation error and is independent of dimension.
This dimension-independent result does not contradict the class of results that
go under the name of the “curse of dimensionality.” Those results are based on
an implicit assumption that the target function is an ever receding target, that
the amount of variability of the target increases without bound as the number
of regressors grows.

1. INTRODUCTION

Interest centers on estimating the target function, f(z) := E (Y|X = x) where
Y € R}, X € RY and (Y, X) is a random vector with distribution u. Regression
analyses form an estimate, J?n() based on n data points (Y;, X;)’ ;. One assumes
that as n grows, the empirical distribution of the data, f,, converges to u.

A non-parametric estimator, f,, solves

mingeo, ,, [/ (y — 9(x))? din(y, )] *. (1.1)

Here V is the set of all possible targets and (©,)%2, is a sequence of subsets of V.
k(n) T oo and (O©,);2, are chosen so that f € limesinf ©,,) with probability 1
(where limesinf A, = {g € V: Ve > 0, ||g — An|| < € for all large n} is the closed
liminf of a sequence of sets A,,.).
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By contrast with (1.1), with p perfectly known, one solves

1/2

mingeo, ., [ [(y — g(x))* dp(y, v)] (1.2)

Denote the solution to (1.2) by f . The total error, I — flI, can be bounded

by the sum of an estimation error, €,, and an approximation error, a,,,

€+ an = || fo - Feell + 1 oy = fI 2 1Fn = £1I (1.3)

NV NV
estimation error approx. error

The larger is O (), the smaller is a,,. The tradeoff is that a larger O, leads to
overfitting, which shows up as a larger €,. Most analyses of ||ﬁ — f]| begin with
a dense set, V' C V, of targets. The set V' is chosen so that one can calculate
én(k) and a, (k) as functions of k. With this in place, one then chooses k(n) to
minimize €, (k) + a, (k).

This paper gives a unified, dimension-independent, geometric representation of
a class of non-parametric regression estimators that includes, but is not limited
to, series expansions (Fourier, wavelet, T'chebyshev and others), kernels and other
locally weighted regressions, splines, wavelets, and artificial neural networks. The-
orem A shows that for any estimator having this geometric representation, for
any 1, converging to 0, no matter how quickly, and any x(n) increasing to oo,
no matter how slowly, there exists a dense V' = V'(r,,x(n)) C V for which
an, = O(ry).

Through the following steps, we have dimension independent rates of conver-
gence: First, pick x(n) T oo in such a fashion that consistency is guaranteed
(often this requires x(n)/n | 0); Second, calculate e, = Hﬁ — [ ll; Third,
invoke Theorem A to guarantee the existence of a dense class of targets, V',
such that for all f € V', a, = [|f5,) — [l = O(en). Fourth, observe that
[Fu = £l < €0+ an = Ofen).

This dimension-independent result does not contradict the class of results that
go under the name of the “curse of dimensionality.” They are often taken to
imply that the rate at which H]?n — f| goes to 0 is very slow when d is even
moderately large, say, 3 or more, and to imply that the data requirements are
wildly impractical when d is, say, 7 or more. The difference is that the curse results
invoke a different dense set V', the Lipschitz functions, in their calculation of the

rates of approximation.



One can see the outlines of the resolution to the apparent contradiction in the
construction and use of dense sets, V,,,, of targets in the proofs of the results
giving fast, dimension-independent rates of convergence for a number of artificial
neural network regression techniques.! Essentially, the geometric approach used
in this paper gives a general construction of dense sets for most of the non-
parametric regression techniques presently in use.

The next section shows how the curse results depend on the implicit assumption
that the target function, f, is an ever receding target. More specifically, the curse
results assume that as d increases, there is an unbounded increase in the causal
efficacy of the explanatory variables.? The following section gives and proves the
dimension independent result. The geometric constructs may be unfamiliar, and
84 shows that the various regression techniques mentioned above are special cases.

The last two sections contain complements and conclusions.

2. EVER RECEDING TARGETS

Probably the most influential papers on the curse of dimensionality for non-
linear regression are due to Stone (1980, 1982). He used Lipschitz functions in

)

his calculations of “optimal rates.” Causal efficacy is the amount that changes
in the values of explanatory variables, (Xi,...,Xy), can shift the conditional
expectation of Y. Stone’s use of Lipschitz functions allows causal efficacy to be
unbounded in d. The implications and incidence of bounded and unbounded

causal efficacy are most clearly seen in the special case linear regression.

2.a. The Lipschitz Assumption and Dimension Dependence. Stone (1980,
1982) defined an “optimal” rate of convergence, and showed that it is r, =
n~1/2+d) when the data (Y;, X;)P, is iid. By optimal, Stone meant that if the
target function, f, is assumed only to have a Lipschitz constant, then for any
regression technique, any sequence of estimators, ]/”;, based on n iid data points,
satisfies

1 fo — fll > Op(n~ /@), (2.1)

Barron (1993) found this for single-layer feedforward artificial neural networks, as did Mhaskar
and Michelli (1995) in a slightly different context. Yukich, Stinchcombe and White (1995)
improved Barron’s result in several directions, Chen and White (1999), improved it even further,
Chen (2006) is a survey.

2From the Ozford English Dictionary, efficacy is the “Power or capacity to produce effects.”



and that some sequence satisfies (2.1) with equality.

The Lipschitz assumption seems unobjectionable, but it is where dimensionality
enters the analysis in an exponential fashion. It seems unobjectionable because
the Lipschitz functions, Vi;, are dense in the set of targets all possible targets,
V. Denseness means that data can never reject Hy: f € Vp,, in favor of Hy: f ¢
Viip, and this ought to mean that there is no harm in the assumption. However,
if one assumes that the target has a Lipschitz constant that holds for all d, then
the approximation error depends exponentially on d.

An extremely clear example of how this works can be taken from Newey (1997).
He shows that, if u satisfies some easy-to-verify and quite general conditions, the
data is iid, and the target, f, satisfies the uniform approximation condition

sup, infgee, | f(2) — g(2)] = O (55), (2.2)

then
If = full> = Op (& + Z5). (2.3)
Ignoring some of the finer detail, the x/n term in Newey’s proof corresponds to the

square of the estimation error, and the x=2% to the square of the approximation
1

m.
Suppose that f : [-1,+1]7 — R belongs to Vy;,, the set of Lipschitz functionse.

In terms of the variability of f, the worst case has |f(z) — f(2/)] = B - e(x,2)

for most pairs z, 2’ € [—1,+1]? (where e(, ) is the Euclidean metric and B is

error.® To balance the tradeoffs, one picks x = x(n) to minimize =+

the Lipschitz constant of the target f). In this worst case, if we evaluate f at
roughly (%)d (carefully chosen) points, we know f to within € at all points in its
domain. For many classes ©,, this yields, for every f € Vp,,, sup, inf,co, |f(z) —
g(z)] = O (%) with @ = L. Substituting this in (2.2) means that finding the
best tradeoff between estimation and approximation error reduces to minimizing

2+ # Solving yields kK = nﬁdd, evaluating the minimand at the solution gives

—~ L R L
If = Full2 = O (2 + =) = Op (n w) ot |If — full = Op (n +) (2.4)
It is at this point that one observes the “curse of dimensionality.” If one wishes

n~ 7+ < 0.10 with (say) seven regressors, one sets n!/+7) = 10 and find that one
needs on the order of n = 10° independent observations, a large number.

3See his equation (A.3), p. 163, for the omitted detail.



2.b. Lipschitz Worst Cases Are Impossibly Bad. Notice that if we are not
in the worst case, that is, if function f is less variable over much of its domain,
then we need to evaluate it at fewer points in order to pin it down. This in turn
means that fewer observations are needed to achieve any given degree of accuracy.
When Y, the left-hand side in a regression, is a random variable, it sometimes
turns out that the variability of the conditional expectation function has a bound
that is much sharper than the Lipschitz bound.

For expository simplicity, suppose that the possible explanatory variables,
(X1, X, ...) take values in [—1,+1], have mean 0, and that they are not de-
generate in the limit, that is, liminf, Var(X,) = o > 0.

If g : [-1,+1]% — R has Lipschitz constant B, then max, ,c(_1 11 |[g(z) —
g(z)| < 2BVd because 2v/d = max, ,e(—141]¢ €(2, 2). If the conditional ex-
pectation functions, fy(zy,...,24) = E(Y|(X1,...,Xq)) = (21,...,24)), have
Lipschitz constant B, then the conditional expectation of Y can vary by 2BvVd
over the range of the explanatory variables.

Since Var(Y) = E (Var(Y | Xy, ..., Xy))+Var(E (Y]Xy, ..., X4)), we know that
the variance of the f4(Xi,...,Xy) is bounded when Y has finite variance. Com-
bined with functional form assumptions on the f;, this may provide extra limits
on the variability of the regression function. Indeed, functional form assumptions
may provide extra limits even without finite variances.

If fa(x1,...,2q) = Bo+ D,y Baa is affine, the Lipschitz bound corresponds to
S .<qlBal £2B-Vd. By contrast, a bound on total efficacy requires that ) _|0,|
be bounded by a number independent of d.

Example 1. If 3, = O (\%), then Y, qlBal = O(Vd). This satisfies the Lips-
chitz bound, but goes to oo, violating the efficacy bound.

If B, =1 fora=k* k € N, and 3, = 0 otherwise, then y_,.,|3.| = O(Vd).
Again, this satisfies the Lipschitz bound, but total efficacy is unbounded.

Lemma 1. If the (X1, Xs,...) are independent, take values in [—1,+1], have
mean 0, liminf, Var(X,) = ¢ > 0, and E(Y|(Xy,...,X4)) = (v1,...,24)) =
60 + Zagd ﬁaxa; then Za ‘Ba‘Q < 0.

Proof: If Y has finite variance, then for all d, Var(Y) > Var(}_,.,8.Xa) =
> a<q|Bal*Var(X,). This cannot happen if )7 |G,]* diverges because g > 0.



Suppose now that Y has first but not second moments. Martingale Conver-
gence implies that Yy := E(Y|(Xy,...,Xy)) — Yo = E(Y|2) ae. where
2 = o({X, : a € N}). Suppose that Y, |B,|* diverges. This implies that
there exists an increasing sequence 1 = Dy < Dy < --- < Dy < --- such that
Zf:'“]"jk_l |8.]* > 2. For every w for which Y;(w) converges, the random variables
Ri(w) = ij;{l BaXa(w) must go to 0. However, for all large k, the variance
of Ry, is at least 30. 1

Thus, if Y is a random variable with finite expectation and the conditional
expectations are affine, the last result showed that the patterns of 3,’s given
Example 1 cannot happen. However, the arguments in Lemma 1 do not imply that
the causal efficacy of the explanatory variables is bounded (more’s the pity). The
argument depends on the Three-Series Theorem: Suppose that R, is a sequence

of independent random variables. The convergence of the three series

Za P(|Ra| > C)’ ZaE (Ra ’ 1\Ra\§6) ) Za Var (Ra ’ ]-|Ra|§c)

for some c implies that ) R, converges a.e., and if ) R, converges a.e., then

the three series converge for all ¢.*

Example 2. Suppose that the X, € [—1,+1] are iid, have mean 0, and set R, =
BaXa, Ba=0O (%) For any ¢ > 0, for all large a, P(|R,| > ¢) = 0. This implies
that for large a, F (Ra . 1|Ra|§c) = 0 and Var (Ra . 1|Ra|§C) =0 (a%) Thus, all
three series converge, so that Yy := o+, 4 0aXa converges a.e. to some random
variable Y. Since the variance of the Yy is_uniformly bounded, the sequence Yy s
uniformly integrable, and Y is integrable. Thus, Yy = E(Y|(X1,...,X4)) can be
affine while ) |0,| = 0o. That is, causal efficacy can be unbounded even in the

presence of affine conditional expectations.

2.c. Number of Regressors Intuitions. From the previous, we see that mod-
eling Y as a random variable suggests the set of affine functions with a Lipschitz
bound is too large. Another model which suggests this involves random parame-

ters.

4For a proof, see e.g. Theorem 22.8, Billingsley (1995).



Suppose that the 3,’s are independent random variables with E |G,| = 1. Sat-
isfying the Lipschitz constraint on average requires multiplying the 3,’s by some-
thing on the order of 1/v/d. By contrast, if we bound the causal efficacy of the
explanatory variables, we must multiply them by something on the order of 1/d.

Let | 3| be the a’th order statistic of the |3,|’s. For given d and € > 0, one can
ask how many of the d regressors can be ignored and still make an error less than
e. That is, let N = N(d, €) be the largest integer satisfying >, oy E \/ig\ﬁ\(a) <e€
and M = M(d, €) the largest satisfying >, -\, £ LBl <

Example 3. If the |3,| are independent exponentials, then the difference between
the order statistics, |B|a+1) — |Blw), are independent exponentials with means
1/(d —a) (e.g. Feller (1971, 1.6, pp. 19-20)). If d = 20 and ¢ = 0.05, this yields
N =4 and M = 13. This means that, on average, 4 of the 20 regressors can be
ignored if f has a Lipschitz constant of 1, while 13 of 20 can be ignored if the
total variability of f is 1.

Since the (3, are multiplied by something going to 0 as d increases, it is their
tail behavior that determines N(d,€) and M(d, €) when d is large. If the tails of
the |3,| are thinner than the exponential tails, e.g. they have Gaussian tails, then
even fewer of the regressors matter, both N and M are smaller. For some tail
behavior, the ratios N/d and M/d go to 0 at different rates as d T oc.

The dimension dependent growth of total efficacy is behind the slower rates of
convergence in higher dimensions. Here, varying the distributional assumptions
about the regression coefficients shows that this may not be the relevant approx-
imation. One suspects that in many empirical situations, the total efficacy is
often small relative to d because relatively few regressors turn out to matter very

much.’

2.d. The Non-Comparability of Efficacy and Lipschitz Bounds. A po-
tential worry is that bounds on causal efficacy may vitiate consistency arguments
for non-parametric regression. This worry is unfounded. Though the Lipschitz
norm and the Efficacy norm are non-comparable, the set of possible targets si-

multaneously satisfying both kinds of bounds are dense. This means that the

5As part of an extended comparison of parametric and nonparametric methods, Breiman (2001)
discusses several general classes of high-dimensional situations in which this is true.



ever receding targets are used for the dismally bad “optimal” rate of convergence

calculations, but are not needed for consistency.

2.d.1. Notation and Preliminaries. L° = L°(Q), F, P) denotes the set of R-valued
random variables, and L? = L?(Q, F, P) C L° the set of square integrable random
variables. For any sub-o-field G C F, L%(G) C LY is the set of G-measurable ran-
dom variables and L*(G) = L*N L%(G) the set of G-measurable, square integrable
random variables.

X = {X, :a € N} C L° denotes the set of possible explanatory variables, 24
denotes o(Xj, ..., Xy), the smallest o-field making Xi,..., X; measurable, and
Z denotes o(X), the smallest o-field making every X, in X measurable.

Assume that Y € L?2. The set of all possible target functions is L?*(2"). The set
of all possible estimators targets when X, ..., X are the regressors is L?(2y).
The set of all possible targets based on some finite set of regressors is | J,; L*(.Z3).

By Martingale Convergence, |J,; L*(Z4) is dense in L*(2"), because for all
Y el Yy :=E(Y|2)) = Yy :=E(Y|Z) ae., and ||Yy— Y| | 0.

2.d.2. Non-Comparable Norms. By Doob’s Theorem (e.g. Dellacherie and Meyer
(1978, Theorem 1.18, p. 12-13)), L?(2Zy) is the set of functions of the form w +—
g((X1,...,X4)(w)) that are square integrable where ¢ is a measurable function
from R? to R. C; C L*(2y) denotes the subset of L?(%y) with g continuous.
By Lusin’s Theorem, Cy is dense in L?(.2;), which in turn implies that [ J, Cy is
dense in | J,; L*(Z4), hence in L*(Z").

Definition 1. The Lipschitz norm of a function f : R? — R is

1/ lip = SUPscga |f (2)] + sup,.p, LE0

@) =F )|

whenever this is finite. The Lipschitz constant of f is sup,, w0

CIP(B) € Oy C L*(%y) denotes the subset of possible targets for which ¢ has
Lipschitz norm B or less. C’;ip = Uz CHP(B) is the set of all targets that are
functions of X1, ..., Xy and have Lipschitz norm B or less. C* :=J, g CH?(B)
is the set of all Lipschitz functions of finitely many regressors.

A monotonic path in R? is a function ¢ +— z(t) from R to R? such that

for each ¢, the function x;(t) is either non-decreasing or non-increasing. Note



that the different components of ¢t — z(¢) can move in different directions, e.g.
z(t) = (—t,+t), and need not be unbounded, e.g. z(t) = (e7*,1/(1 +e7")).

Definition 2. The total variation of a function f : R — R is TV(f) =
sup >, | f(zit1) — f(x;)| where the supremum is taken over all finite subsets x1 <
1y < --- < x1 of R. The monotonic total variation of a function f : R — R
is MTV (f) = sup, TV (fox) where the supremum is taken over monotonic paths.
Finally, the monotonic total variation norm is

[ laerv = 1f(O)] + MTV(f).

CMIV(B) c Cy C L*(Zy) denotes the subset of possible targets for which g
has monotonic total variation norm B or less. CYTV .=, CHTV(B) is the set
of all targets that are functions of X, ..., X; and have monotonic total variation
norm B or less. CMV = J, ; C}""V(B) is the set of all functions of finitely
many regressors that have bounded monotonic total variation.

For any f, ||fllec < min{||fl|zip, || fllarv}. However, the two norms are non-
comparable, that is, there are functions for which the ratio of the two norms is
as large or as small as one pleases.

Example 4. Let f(z) = max{0, 1—|z|} and g, () = max{0,1—d(x,{1,...,m})}
so that f = gi. For f,(z) := 2f(nz), || fallew = 2 +n T 0o and | fullirrv =
0+ 3 1 0. For allm, |3gm(@)|lzip = 5 + 5 1 0 and || 5gm(@)llarry = 0+ 22 7 00

if m = n?.

Lemma 2. For any {X1,..., X} C L%, CXP N CHTV s dense in L*(2y).

Proof: Let C.(R?) denote the of continuous function with compact support.
By Lusin’s Theorem, Co(X1, ..., X,) = {f(X1,..., Xq) : f € C.(RY)} is dense
in L*(2y). Convoluting with C*-mollifiers with bounded support shows that
the same is true for C°(Xy,..., Xy), the smooth elements of C.(Xy,..., Xy).
Any f € C2° is Lipschitz because both |f| and ||Df|| are continuous functions,
hence bounded over any compact set. Any f € C2° has bounded monotonic total
variation because ||Df| is bounded, which implies that its integral is uniformly
bounded over monotonic paths in the compact support of f. Thus, [CFPNCMTV]
contains the dense set C2°(X7, ..., Xy), and is therefore dense. I



3. DIMENSION INDEPENDENT RATES

The ability of artificial neural networks to fit high dimensional data with rel-
atively few parameters suggests that total efficacy is often small relative to d in
the context of non-linear regression as well. A theoretical basis for these em-

pirical observations was given in Barron (1993). He showed that for every d,
d

ann?’

there is a dense set of functions, V' depending on the architecture of the net-

works, such that for all f € V¢  the uniform approximation condition (2.2),

ann?

sup, infyeo, | f(z) — g(z)| = O (=), is satisfied with @ = 1. Returning to
(2.3), one then has [|f — f,[|> = Op (£ + =) = Op (£ + ). Minimizing yields

k(n) = /1 so that ||f — f|2 = O (%)

This section gives a unified, dimension-independent, geometric representation
of a class of non-parametric regression estimators that includes, but is not limited
to, series expansions (Fourier, wavelet, Tchebyshev and others), kernels and other
locally weighted regressions, splines, wavelets, and artificial neural networks. The
geometric representation allows one to identify classes like V¢ for each of the
consistent version of these regression techniques.

Fix any sequence r,, going to 0 and sequence x(n) going to co. Lemma 3 shows
that for any of the consistent versions of the regression techniques in this class,
the class of targets, 7(r,) = {f € V : ||f — Oxm)|| = O(ry)}, is dense. The
direct implication is that for a dense class of targets, the estimation error, €,,
determines the rate at which the total error goes 0. To see why, fix a sequence
k(n) — oo and set r, = €, where ¢, is the associated estimation error in (1.3).
For every target f in the dense class T (1), | fo—f|| < ||ﬁl—f:(n)|| i — fll =
Op(ry) + O(ry) = Op(ry,).

In wavelet and spline estimation, Cohen et. al. call T (r,,) a mazimal space. If r,
is one of Stone’s rates, then 7 (r,) includes the Lipschitz functions. If r,, = n=/4,
then 7 (r,) includes the ann target functions identified in Barron (1993).

3.a. Targets. The target is a function x — f(x) from the support of px to R that
is to be estimated. Typically f(x) is (a version of) the conditional expectation
fl@)=E({Y|X =2)°

If f(z) = E(h(Y)|X = ) for h : R — R, we have other forms of regression. For example, if
h(y) = vyl (0,00 (¥) — (1 = 7)1(0,00)(¥), ¥ € (0,1), we have quantile regression. Etc.

10



The target, f, in nonparametric regression belongs to a space of functions V,

assumed throughout to be a separable, infinite dimensional Banach space, e.g.

(1) V = L?(R? py), typically used in Fourier series analysis, wavelets, and
other orthogonal series expansions,

(2) V= LP(R? ux) spaces, p € [1,00), typically used when higher (or lower)
moment assumptions are appropriate,

(3) V= (D), the continuous functions on a compact domain D C R?, with

norm || fllee := maxzep |f ()],
(4) V.= C™(D), the space of m-times continuously differentiable functions,
m € N, on a compact domain D with a smooth boundary and norm

SUPep D jaj<m D% f(2)|, typically used when smoothness of the target is

an appropriate assumption,’

(5) V = S™P(RY ux), p € [1,00), the Sobolev spaces, defined as the com-
pletion of the set C™P(R?, 1), the m-times continuously differentiable

1
functions on R?, with norm || f|| = 32, [/ [D*f(2)P dpx (2)]* < oo,
are typically used when probabilistic approximation of a function and its
derivatives rather than uniform approximation is appropriate.

The sets C27, CMTV and CE? N CMTV are dense in all of these spaces. They

are also negligible in a sense to be made clear below.

3.b. Estimators. An estimator of a target f € V is a sequence of functions
fn € V where each f, depends on the data ((Y1,X1),...,(Yy, X,,)). For the
nonparametric techniques studied here, the f, are of the form f,(z) = 3 w B ()
where O; € R and ¢, € V. What varies among the estimators are the functions
Cr, the number of terms in the summation, and the dependence of both on w.
The geometry that is common to nonparametric regression estimators is that
there is a sequence, Cyn) = Cim)(w, f) C V of compactly generated two-way

~

cones with the property that f, € Cy,).

Definition 3. The sequence (w, f) — Cym(w, f) is consistent if for all g € V
and all € > O: P(UN mnzN [d(ga Cn(n)(a f)) < 6]) =1

If the Uy, are nested, then the sequence is consistent if and only if U,C )
is, with probability 1, dense in V.

"Here, « is a multi-index, a = (a1, ..., aq), a; € {0,1,...}, and |a| := >

11



3.c. Geometry. U = {f € V: | f|| < 1} is the unit ball in V, its closure is U,
and OU = {f € X : || f|| = 1} is its boundary. For E C X, sp E is the span of E,
that is the set of all finite linear combinations of elements of F, and sp F is the
closure of the span of E.

For S C R, S-FEistheset {s-f: f € FE, s & S} of scalar multiples of
elements of F with scalars belonging to S. A set F C Visaconeif F =R, - F,
that is, if F' is closed under multiplication by non-negative scalars. Allowing for
multiplication by both negative and positive scalars gives two-way cones.

Definition 4. A set C' C 'V is a two-way cone if C' =R -C. A two-way cone
is compactly generated if there exists a compact E C U, 0 ¢ E, such that
C=R-FE.

Example 5 (Series estimators). If C' =sp{ey,...,e.} with ex # 0, then C is a
k-dimensional subspace of V, and is a compactly generated two-way cone.

For any sequence of sets, B, [B, i.0.] :=),, U,;>, Bn is read as “B,, infinitely
often,” while [B, a.a.] := J,,(),>,, Bn is read as “B, almost always.” For a
compactly generated two-way con;, C, of estimators, and r > 0, the set C' +
r - U is the set of all targets that are within r of set of estimators contained
in C. Consistency can be rewritten as “Cy,) is consistent if for all ¢ > 0,
P([Cimy +€-U aa] =V) = 1. Of particular interest will be sets of the form
[Cr(n) + 70 - U a.a.] where 1, — 0 and Cl ) is a sequence of compactly generated

two-way cones.
3.d. Results. This section proves Lemmas 3 and 4, which yield the following.

Theorem A. For any consistent nonparametric regression technique with esti-
mators belonging to a sequence Cy ), of compactly generated two-way cones, and
for any r, — 0, a dense, shy set of targets can be approximated at the rate O(ry,).

“Shyness” is defined below, and provides useful information about the sets
of targets. Both C;ip and CMTV are dense, shy sets of functions, as is their
intersection.

For M € N, define AY := Cy ) + Mr, - U. Fix a sequence of sets of estimators
Cimy- For g € V, there exists a subsequence, n’, such that d(g,C,/) = O(ry) if
and only if g € [AM i.0.] for some M € N. If we do not allow subsequences, we
have d(g, C,,) = O(r,) if and only if g € [AY a.a.] for some M.

12



Definition 5. The set of O(r,)-accumulatable targets is Uy [AM i.0.], and
the set of O(r,)-approximable targets is T (r,) = Uy [AM a.a.].

Lemma 3. P(7 (ry) is dense) = 1 if and only if the Cy ) are consistent.

Proof: Suppose that Cy, is consistent. Let G = {g; : j € N} be a dense subset
of V. Define BY" = Uy Myxn [(9j + = - U) N (Crmy(w, f) + 70 - U) # 0]. Since the
Cr(n) are consistent, P(B}*) = 1. Therefore, P(Ny,;B}") = 1. Finally, the event
that d(g;, 7 (r,)) < 1/m for every m contains Ny, ; B}".

Suppose now that Cy,) is not consistent, i.e. there exists g € V and € > 0 such
that P([d(g, Crm)) < € a.a.]) < 1, equivalently, P([d(g, Cy)) > € i.0.]) > 0. For
all M, Mr, < € for all but finitely many n. Therefore, P(7 (r,) N (g +¢€-U) =
@) > 0. That is, the probability that 7 (r,) is dense is less than 1. 1

The Lipschitz functions and the functions with bounded efficacy satisfy the

following notion of a negligible subset of an infinite dimensional space.®

Definition 6. A subset S of a universally measurable S’ C 'V is shy or Haar
null if there exists a compactly supported probability n such that n(S" + f) =0
forall f€V.

Lemma 4. If r, goes to 0 more slowly than rl,, then T (r,) \ 7 (1)) is shy.
For ease of later reference, we separately record the following easy observation.

Lemma 5. If C is a compactly generated two-way cone, then it is closed, has

empty interior, and C N F 1s compact for every closed, norm bounded F'.

Proof of Lemma 4: It is sufficient to show that the set of O(r,)-accumulatable
targets is shy because 7 (r,) = Uy [AM a.a.] C Upy[AM i.0.], and any subset of a
shy set is shy.

A set F' C V is approximately flat if for every € > 0, there is a finite dimensional
subspace W of V such that FF C W + € - U. Every compact set is approximately
flat — let F, be a finite e-net and take W = sp F.. From Stinchcombe (2001,
Lemma 1), for any sequence F,, of approximately flat sets, [(F, + r, - U) i.0.] is
shy. Since the countable union of shy sets is shy, Up[(F), + M, - U) i.0.] is shy.

8There are several related notions of negligible sets in infinite dimensional spaces, detailed in
Benyamini and Lindenstrauss (2000, Ch. 6). Anderson and Zame (2001) cover some of the uses
of shy (Haar null) sets in economic theory, and greatly extend the applicability of the notion.
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Fix arbitrary R > 0. It is sufficient to prove that (R-U)N[AM i.o.] is shy. Fix

arbitrary n > 0. R- U is a subset of the closed, norm bounded set R - (1 + n)U.
By Lemma 5, the set F;, = C,, N (R (1 + n)U) is compact. Since compact sets
are approximately flat, S = [(F,, + Mr, - U) i.0.] is shy. Since r, — 0 and n > 0,
(R-U)n[AMio]lcS. 1

Proof of Theorem A: Lemma 3 shows that consistency of the non-parametric
regression technique with estimators given by a sequence C,) of compactly gen-
erated two-way cones and denseness of 7 (r,) are equivalent. Lemma 4 shows

that 7 (r,,) is shy. §

4. EXAMPLES

Series estimators (Fourier series, wavelets, splines, and the various polynomial
schemes), as well as broad classes of artificial neural network estimators belong
to nested sequences of compactly generated two-way cones. Kernel estimators
and other locally weighted regression schemes on compact domains belong to a
non-nested sequence of compactly generated two-way cones.

4.a. Series estimators. Fourier series, wavelets, splines, and the various poly-
nomial schemes specify a countable set E' = {e; : k € N} C OU with the property
that sp £ = V. Descriptions of Fourier series the various polynomial schemes
as linear subspaces are widely available in textbooks on functional analysis. For
wavelets, see e.g. Debnath (2002), for splines see e.g. Eubank (1999). The esti-
mator based on n data points, ﬁ, is a function of the form

(@) = 32 < Bren (). (4.1)

The estimators fAn belong to Cy(n) :=sp {ei1, ..., exn }. Being a finite dimension
subspace of V, each Cy,) is a compactly generated two-way cone.

Since §p £ = V, having lim,, k(n) = co guarantees that the ]/C;L can approximate
any function. To avoid overfitting and its implied biases, not letting x(n) go to
infinity too quickly, e.g. k(n)/n — 0 guarantees consistency. If k(n) — oo is
regarded a sequence of parameters to be estimated e.g. by cross-validation, then
x(n) depends on both w and f, which yields Cl) = Crny(w, f).

4.b. Kernel and locally weighted regression estimators. Kernel estimators
for functions on a compact domain typically begin with a function K : R —
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R, supported (i.e. non-zero) only on [—1,41], having its maximum at 0 and
satisfying three integral conditions: fjll K(u)du = 1, fjll uK(u)du = 0, and

_+11 u?K (u) du # 0. Univariate kernel regression functions are (often) of the form

@) = S Bgla] Xo, h) = Z?:ﬁff(hin(m X)), (4.2)

Here k(n) = n and Cy(w, f) = sp {K(%(w —Xiw)):i=1,...,n}.

When the kernel function, K(-), is smooth and all of its derivatives, K(*),
satisfy limj,_; K@ (u) = 0, and the X; belong to a compact domain, D, the
estimator ]?n belongs to C™(D) for any m, and the C™(D)-norm or one of the
SP -norms might be used. If the kernel function, K(-), function is continuous
but not smooth, the f, belong to Cy(R), hence to LP(R, pux). For any compact
D C R, the restrictions of the fn to D belong to C'(D).

In all of these cases, the n-data points, X;, ¢« = 1,...,n, and the window-
size parameter h,, define n non-zero functions, g(-|9i,n), 0in = (Xi,hy). The
estimator, fAn, belongs to the span of these n functions. As established above, the
span of a finite set of non-zero functions is a compactly generated two-way cone.

The considerations for choosing the window-sizes, h,,, parallel those for choos-
ing the x(n) in the series expansions. They can be chosen, either deterministically
or by cross-validation, so that h, — 0, to guarantee that the kernel estimators
can approximate any function, but not too quickly, so as to avoid overfitting.

The considerations for multivariate kernel regression functions are almost en-

tirely analogous. These estimators are often of the form
-~ n -~ n -~ 1
Fule) = X0, Big (@] X, by ) = 2K (=l = Xill) (4.3)

where h,, | 0 and the X; are points in the compact domain D C R

Locally weighted linear/polynomial regressions have different gi(-|9i,n), see e.g.
Stone (1982). In all of these cases, when the domain is compact, so are the sets
of possible parameters for the functions g;, and the mapping from parameters to
functions is continuous. This again implies that the ]?n belong to the span of a

finite (hence compact) set not containing 0.

4.c. Artificial neural networks. Single hidden layer feedforward (slff) estima-
tors with activation function ¢ : R — R often take £ C Vas £ = {z — ¢g(7'%) :
v €T} Herex € RY &' = (1,2') € R¥™! and I is a compact subset of R™*!
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with non-empty interior. The slff estimators are functions of the form

]/C;L(x) = Zkgn(n)ﬁkg(;)/\llcj)a (4.4)

where the 7, belongs to I'. Specifically, Cyn) = {Zkgn(n) Brex = ¢, € E} is the
compactly generated two-way cone of slff estimators.

If k(n) — oo, k(n)/n — 0, and SpE = V, then the total error goes to 0.
Various sufficient conditions on g that guarantee sp £ = V in the contexts to be
described just below are given in Stinchcombe and White (1992, 1998), Hornik
(1993), Stinchcombe (1999). Also as above, x(n) may be regarded as a parameter,
estimated by cross-validation.

When g is continuous and I' is compact, then F is a compact subset of C(D)
for any compact D C R?. When g is bounded, as is essentially always assumed,
FE is a compact subset of LP(R?, pux) for any p € [1,00). When g is bounded and
measurable, as in the case of the frequently used ‘hard limiter,” g(z) = 1jo,00)(2),
and px has a density with respect to Lebesgue measure, E is a compact subset
of LP(R?, jux), p € [1,00). When g is smooth, e.g. the ubiquitous logistic case of
g(x) =e*/(1+¢€"), and I' compact, then E is a compact subset of C™ (D), and
of SP (R4, ix) for any m and any p € [1,00).

Aside from notational complexity, essentially the same analysis shows that
multiple hidden layer feedforward networks output functions are also expressible
as the elements of the span of a compact set E. Consistency issues for multiple
layer feedforward networks are addressed in Hornik, Stinchcombe, and White
(1989, 1990)

Radial basis network estimators most often take E, to be a set of the form
E, ={r — g(5-(x =7)S(x = 7)) : v € [, A, > A}, T a compact subset of
R? containing the domain, ¥ a fixed positive definite matrix, A, | 0 but not too
quickly, g a continuous function. The estimators are functions of the form

]/C;L(x) = Zkgn(n)gkg(;}?;cf)a (4.5)

The continuity of g implies that the E,, have compact closure. For the common
choices of g in the literature, g(0) # 0 so that 0 ¢ E,. For the consistency
properties of these neural networks, see Park and Sandberg (1991, 1993a, b).
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5. COMPLEMENTS

There are a number of subsidiary points, grouped here into two kinds of compar-
isons, the lack of an obvious role for smoothness in the intuitions, some additional
information on negligible sets, and possible extensions and generalizations.

5.a. Comparisons Across Techniques. As well as comparing 7 (r,,) and 7 (77,)
for the same nonparametric regression technique, one can also compare these sets
across regression techniques. For example, Barron (1993) fixes a pair of rates, 7,
and r! with r/, = o(r,), and shows that for the ann techniques that he considers,
Tonn (1)) cannot be approximated by any series expansion at a rate r,,. Reversing
his example in L? requires only a permutation of the basis elements, and gives
rise to a set Tgeries(7),) that cannot be approximated by any variant of his ann

technique at a rate r,.

5.b. Comparisons Across Rates. If , and r], both go to 0 but r, goes more
slowly, then the dense class 7 (r,,) is larger than the dense class 7 (7]). Lemma 4
shows that the difference between the sets, 7 (r,,) \ 7 (r],), is Haar null. Haar null
subsets are an infinite dimensional extension of the finite dimensional Lebesgue
null set notion non-genericity. This gives partial information about the size of
the difference between the two sets. It is only partial information because the
proof simply shows that the larger of the two sets is Haar null, and any subset of
a null set is a null set. Two points:

(1) Much to be desired is an improvement on this partial result. Something
that would, despite the impossibility of data ever distinguishing between
the dense sets, allow one to distinguish, at least theoretically, more finely
between sets of targets 7 (r,,) and 7 (r]). However, Lemma 4 shows that
trying to resurrect the curse of dimensionality in rates of convergence
requires one to say that one non-generic dense set of functions is clearly
preferable to another non-generic dense set of functions, and that it’s
preferable because it yields worse results.

(2) For finite dimensional parametric estimation, superefficiency can happen
on Lebesgue null sets (e.g. Lehmann and Casella (1983, Ch. 6.2)). For
infinite dimensional nonparametric estimation, Brown, Low, and Zhao
(1997) show that it can happen “everywhere,” that is, at all points in the
dense sets of targets 7 (r,,) that are typically used. It seems that behind
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this result is the same approximately-flat-but-not-flat infinite dimensional
geometry that yields the denseness of the 7 (r,) classes.”?

5.c. Smoothness. Another aspect of the work on optimal rates of approximation
is that smoother targets lead to faster approximation. For example, if the target
f is assumed to have s continuous derivatives, and these derivatives are Lipschitz,
then Stone’s rate of approximation is increased to Op(n~/*+4/s))  The dense
classes, Vg, in the dimension independent ann rate of approximation work are
defined by an integrability condition on various transforms of the gradient of the
target. Niyogi and Girosi (1999) note that this suggests that s = s(d) in such a
fashion that [d/s] stays small for the V,,, and d increases.

One might guess that something similar is at work in the classes 7 (r,,) that
are analyzed here. This kind of smoothness argument is problematic for three
separate kinds of reasons. First, for many classes of ann’s, the dense set of targets
are not only infinitely smooth, they are analytic. It is hard to see how smoothness
could vary with dimension in this context. Second, for many other classes of ann’s,
the dense set of targets contain discontinuous functions, and smoothness cannot
enter. Finally, the work here provides a plethora of dense classes for which the
dimensionality of the regressors plays no role, and it seems unlikely that there is
some special smoothness structure common to the different dense sets that work
for the different techniques.

5.d. More on Negligible Sets. From the definition, S is shy iff S + f is shy
for all f. If V = R¥, the finite dimensional case here ruled out by assumption,
one can take 7 to be the uniform distribution on [0, 1]* and show that S is shy iff
it is a Lebesgue null set. Other relevant properties of the class of shy sets are:

(1) shy sets have no interior so that prevalent sets are dense,

(2) the countable union of shy sets is shy, equivalently, the countable inter-

section of prevalent sets is prevalent,
(3) if V is infinite dimensional, then compact sets are shy.
Examining naive random search in function spaces gave rise to the key result

used in the shyness proofs here, Lemma 1 in Stinchcombe (2001). This result

also shows that there is no comfortable Bayesian interpretation of shy sets.

9 am grateful to Xiaohong Chen and Jinyong Hahn for these last two points.
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5.e. Possible Extensions and Generalizations. There are several additional

points to be made.

(1) If C} is smoothly parametrized and & is fixed, then standard finite dimen-
sional results imply that || f, — f]| = €xn = O(n~Y2). If k(n) T oo, as
required for consistency, but x(n) grows very slowly, the n='/2 rate slows
so little as one desires. This observation provides little practical guidance.

(2) The proof of Lemma 3 can be easily adapted to show that for nested C (),
consistency is equivalent to 7 (r,) containing a dense linear subspace of V
with probability 1. Cohen et. al. (2001) characterize some of these dense
linear subspaces for wavelet expansions.

(3) Pick a pair of sequences r,, 7/, with 7/, = o(r,). From Lemma 3, 7 (r,) \
7 (r])) and 7T (r])) are disjoint, dense sets of nonparametric targets. I con-
jecture that for generic pairs of sequences, C (n) and Cs (), of compactly
generated two-way cones, T1(r},) \ To(r,) # 0 and To(r),) \ T1(rn) # 0.

(4) All of the above has been phrased as regression analysis of conditional
means. Since Lemmas 3 and 4 concern the approximation error, one could
also, with essentially no changes, consider, e.g., conditional quantile re-
gression and/or loss functions other than mean squared loss. At whatever
rate the estimation error goes to 0, there is a dense class of nonparametric
targets with the approximation error going to 0 at the same rate.

(5) The use of Banach spaces for the set of targets is not crucial. The main
result driving the proofs is Stinchcombe (2001, Lemma 1), which applies
in locally convex, complete, separable, metric vector spaces. For example,
one could take V = C(R?Y) with the topology of uniform convergence
on compact sets, or any other of the Frechet spaces that appear in non-
parametric regression analyses.

(6) It is a reasonable conjecture that the same results hold for density estima-
tion as hold for regression analysis. Following Davidson and McKinnon
(1987), the target densities as points in a convex subset of the positive
orthant in a Hilbert space. Lemma 3 should go through fairly easily, but
Lemma 4 may be more difficult. The argument requires extending Stinch-
combe (2001, Lemma 1) to what are called relatively shy sets in Anderson
and Zame (2001).

(7) If the data is not iid but has some time series structure, one expects
that the estimation error in (1.3) will not be O(n~'/2) for fixed &, but
something slower. Again, since Lemmas 3 and 4 concern approximation
error, total error for the nonparametric regressions covered here would
also go to 0 at this slower rate.
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(8) In the above discussion of the locally weighted regression schemes and
the artificial neural network estimators, I made use of compact domain
assumptions to ease the exposition. Since the distribution of the data,
Z, in x;enRf? is tight, one can replace the compact domains with a
sequence of compact domains having the property that with probability
1, the estimators belong to the associated sequence of compactly generated
two-way cones.

(9) Lemmas 4 and A used Haar null sets. They would not hold with the
original and more restrictive class of infinite dimensional null sets due
to Aronszajn (1976), now called Gauss null sets (Benyamini and Lin-
denstrauss, 2000, Ch. 6). S is Gauss null iff for every non-degenerate
Gaussian distribution, n, on V, n(S) = 0. Every Gauss null set is Haar
null, but the reverse is not true. It can be shown that the sets U,Cy ) of
estimators are Gauss null, but not that [Cy,) 4+ 7, - U a.a.] is not.

(10) It can be shown that if C' is a compactly generated two-way cone, then
the open set C' 4 U is not dense in V. The role of the compact set £ not
containing 0 in the definition of compactly generated cones can be seen
in the following, which should be compared to Lemma 5.

Example 6. If x, is a countable dense subset of OU and E is the closure of
{x,/n :n € N}, then E is a compact subset of the closed, norm bounded set U.
Howewver, the two-way cone R - E is not compactly generated, not closed, and is
dense, so that R- E+¢€-U =YV for any e > 0.

6. CONCLUSIONS

Most of the analyses of the rates of convergence for nonparametric regression
arrive at dismal results with even a moderate number of regressors. The key
assumption driving these results is that the target function, f(z) = E(Y|X =
x), belongs to the set of Lipschitz functions. This assumption can never be
rejected by data. Replacing the Lipschitz functions by sets of functions sharing
this unrejectability shows that the order of the rate of convergence is given by
the order of the estimation error, that dimension-dependent approximation error
need play no role.

Examples suggest that dimension dependence of the complexity of a regression
function is more tightly tied to its monotonic total variation than to any mea-
sure of its smoothness. These examples also demonstrate that how the variation

depends on the dimensionality may vary from one set of problems or distribution
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over problems to another. Experience suggests that the variation, both in linear
and non-linear regression, is often small.

Together, the results and examples suggest that rates of convergence calculated
using Lipschitz functions are mis-leading, that what matters is some measure of
variability. This puts correspondingly more weight on the criteria of interpretabil-

ity and generalization for the judging various approaches.
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